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Abstract
Large-scale multiclass classification becomes computationally challenging as the
number of classes grows. The classic method of training “one-vs-all” binary classifiers
has computational complexity O(k) with k classes. This can be improved to O(log k),
yet existing methods are problematic. We show how re-casting the problem as nearest
neighbor search between patterns and classes allows us to solve multi-class classification in a rather simple way, while still achieving O(log k) complexity both at training
time and testing time. The same trick can be applied to existing “one-vs-all” linear
predictors leading to exponential improvements in their computational complexity as
well.

Many important problems in computer science can be cast as large-scale multi-class prediction. Object recognition in the real world involves categorizing an object into not just 1 of
256 categories, but millions of categories, and newer benchmark datasets already incorporate
over 1000 categories. Face recognition can involve picking the best match from a database
of hundreds of millions of individuals. Document search involves picking the best matching
document from well over millions of other documents, for a given query. With the rise in
large-scale prediction problems, it is important to have learning algorithms that scale well
with the number of classes.
In this work, we tackle the computational complexity of multi-class prediction by introducing a class of “metric” multiclass predictors that have O(log k) complexity at test time,
where k is the number of possible classes an instance can belong to. These predictors can
also be trained using stochastic gradient methods in time O(log k) per epoch.1
Our work is motivated by a curious fact. The popular “one-vs-all” multiclass predictor
is believed to take O(k) time to produce a prediction at test time [5], after training which
also takes O(k). In contrast, with efficient data-structures [1], the simple nearest neighbor
classifier can produce a prediction in time O(log N ) with N training samples. At first glance,
the runtime of the nearest neighbor classifier appears to have no dependence on k. But since
there must be atleast one training sample per class, the number of training samples must
exceed k, N ≥ k. Thus the nearest neighbor classifier which really produces multi-class
predictions in time O(log k), is faster than the one-vs-all classifier.
Brute-force nearest-neighbor computation can take O(N ), yet modern nearest neighbor
methods achieve O(log N ) run-time by exploiting the metric structure of the distance function used, most commonly the euclidean and Mahalanobis distances. The triangle inequality
d(xa , xc ) ≤ d(xa , xb )+d(xb , xc ) that metric distance functions are required to satisfy enables
the construction of search trees that speed up the computation.
Inspired by the efficiency of nearest-neighbor search in metric spaces, we can design a
multiclass classifier that uses the same triangle inequality to prune the search space when
looking for the best class. By embedding classifiers into the same metric space as the
patterns, one can compute and use distances between the classes themselves to prune the
search space.
1 The

training time also depends on N , the number of training samples.
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The multiclass predictor is f (x) = arg mini d(x, wi ), where x is the pattern to be classified and wi is metric space representation of class i. And we can use standard nearest
neighbor methods to find the exact nearest neighbor in O(log k). We can use stochastic gradient descent to train this predictor at a cost of O(log k) per sample, also by exploiting the same data structures and by minimizing a structured multiclass loss function
l(x, y; {wi }) = [1 + d(x, wy ) − minj6=y d(x, wj )]+ , where y is the true class of pattern x, and
the minimization is over all false classes in order to find the most offensive false class.
The same tricks can be used to speed up the classic “one-vs-all” SVM, which is a leading performer on benchmarks such as the ImageNet 2010 challenge with 1000 categories 2 .
This model f (x) = arg maxi xT wi , can be trained and tested efficiently by constructing
correlation-based search trees. While the triangle inequality of distances no longer applies,
a similar inequality can be derived for the inner product in euclidean spaces making efficient
search possible. Thus contrary to popular belief [5], the “one-vs-all” SVM costs only O(log k)
at test time. Somewhat counter-intuitively, training this predictor using the structured multiclass loss costs only O(log k) while the naive classic method using an inferior loss function
costs O(k).
This method can certainly be generalized easily to multilabel prediction, but perhaps
conditional probability prediction as well, making it competitive with all our competition
[5, 2, 3, 4].
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